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INTRODUCTION 
The main purpose of this work is to find a bound for the primes that 
divide the order of a solvable group G, in terms of the degree of the field of 
its character values over Q, the field of rational numbers. 
Markel in [6] showed that if G is supersolvable rational, that is, has all 
its character values in Q, then no prime bigger than 3 divides the order of 
G. If G is solvable and rational, the order of G is not divisible by any prime 
bigger than 5, as Gow proved in [2]. We show the following: 
THEOREM. Let G he a solvable group whose character values lie all in a 
field of degree n over 62 and let p he a prime divisor of the order of G. Then 
p< 16n*+ 1. 
In fact, our main result, Theorem A, is a sharper result than the above 
one. Its exact statement is, however, rather technical and we will not give it 
here. To prove Theorem A we prove first Theorem B. This theorem is con- 
cerned with an action of a solvable group G on a finite-dimensional vector 
space V over a finite field F whose characteristic does not divide the order 
of G, and which has a special property. 
This paper will be divided into live sections. Section 1 includes some sim- 
ple number theoretical emmas. In Section 2 we state Theorem A and we 
show how it can be proved as soon as Theorem B is proved. We also state 
some consequences of Theorem A and we examine some particular cases of 
it. 
In Section 3 we have some results about Frobenius complements. This is 
so because in the proof of Theorem B we show that we may assume the 
action considered is Frobenius. We recall that an action of a group G on a 
vector space V is Frobenius if no non-identity element of G fixes a non-zero 
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vector of V. If a group G acts on a vector space V this way we say that G is 
a Frobenius complement. In Section 4 we prove Theorem B and in Sec- 
tion 5 we have some final remarks. 
All groups considered are finite. Our group theoretic notation is stan- 
dard. The knowledge we assume of character theory can be found in Isaacs’ 
book [S]. References to results within the paper will be given with the 
number in parentheses. 
Notation. 
P, = set of integers mod n 
4 = Euler function 
F”=F-{O),ifFisalield 
(g) = subgroup generated by g, where g is 
an element of a group G 
Irr(G) = set of irreducible complex characters 
of the group G 
K, = K(e2”““) where K is a complex field 
Qp = quaternion group of order 8 
S4 = symmetric group on four letters. 
(1.1) LEMMA. Let n be a positive integer. Then n<#(n)* unless n = 6 
or 2. 
Proof Let n = q;‘qi2 *. . q;’ be the prime factorization of n. Then 4(n) = 
r1-1 rz-l... 
41 92 q;‘-*(ql - l)(q2- l).*. (q,- 1) and therefore qi- 1 <d(n) for 
every i= 1, 2 ,..., 1. Also, we have that 
n=q$(n)dLSL...-, 41 
41-192-l 41-1 
Now, if we insert as factors in the product above all numbers of the 
form k/k - 1 with 2 < k < b(n) + 1 and k 4 (ql, q2,..., q,} u { 4 > we see that, 
if d(n)>& n~~(n)2.3.5..,~(n)(~(n)+1)/1.2.4...(~(n)-l).~(n)= 
34(n)(&n) + 1)/4. But 3x(x + 1)/4 < x2 if x 2 5 and thus, if 4(n) > 5, we get 
n <b(n)*. Now b(n) < 5 yields n < 12 and among these numbers only 2 and 
6 do not satisfy n <4(n)‘. 
(1.2) LEMMA. Let h be a positive integer and p a prime not dividing h. 
Let n be a power of p with ne < h for some ea0. Then 4(h) > (e + 1) 
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(te + 2)/2 where t is the number of primes distinct from p, which do not divide 
h and are less than n. 
Proof Let q,, q2 ,..., qr be the primes which are less than n, do not 
divide h, and are distinct from p, and let A be the set of the numbers of the 
form p’“q;’ ... 4:’ where the a;s are non-negative integers with a,, + a, + 
. *. + a, 6 e. We have that all elements of A are prime to h, less than h, and 
therefore 4(h) 2 IA(. 
For getting the lower bound we want for d(h), we will not need to count 
all elements of A. We restrict ourselves to those for which at most one a, 
with i > 0 is not zero. If we make ai = 0 for every i > 1 and let a, vary from 
0 to e, we get e + 1 elements. Now if we fix some j > 1, make aj vary from 1 
to e while a, varies from 0 to e - a/- and make the other a,‘s zero for i # 0, j, 
we get C;= l(e - k + 1) elements of A. Now, making j vary from 1 to t we 
get t C;= i(e -k + 1) elements which together with the e + 1 we had before 
givesb(n)>IAI>,e+l+tC;=,(e-k+l)=(e+l)(te+2)/2. 
(1.3) LEMMA. Let xi>,0 with x,+x*+ ... +x,=n and ~31. Then 
PX’ + PX2 + . . . +p”‘-k<p”- 1. 
Proof. By induction on k. 
(1.4) LEMMA. Let h and N be positive integers such that d(h) divides N. 
Then, for every E > 0, there exists a constant C > 0 such that h < CNE+ ‘. If 
E= 1, we can take C=4. 
Proof Let h = q;‘q;* .. q; where q1 < q2 < ..’ < qS are primes and the 
r;s are positive integers. We have that r&h) 2 (ql - l)(q2 - 1) ... (qS- 1) k 
2”- ‘. Let us choose B > 0 such that 2” 2 (x + 2)l/& for every x > B. Then, 
if s>B+l, ~(h)B2”+‘>(s+l)““. But we have that h=d(h)q,.q,*.. 
qS/(ql-l)(qZ-l)...(q,-1) < &h)2.3...(s+1)/1.2...~ = 4(h)(s+l) 
where the last inequality comes from the fact that qi 3 i + 1 for every 
i = 1, 2,..., s and f(x) =x/(x - 1) is a decreasing function of x for every 
x22. We get then, in the case where s<B+l, that h<4(h)(B+2)< 
N(B+2). If s>B+l we get h<$(h)(s+l)<$(h)&h)“<N’+“. We can 
thus take C = B + 2. Now, if E = 1, we have to find for which B we have 
2” > x + 2 for every x > B. This holds for B = 2 and we can then take C = 4 
in this case. 
2 
(2.1) THEOREM. Let G be a supersolvable group which has all its charac- 
ter values in afield K of degree n over Q. Zf p is a prime divisor of the order 
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of G, then p - 1 = km where m divides n, K contains a primitive k th root of 
unity, and d(k) divides n/m. 
We will need the following result in the proof of Theorem (2.1); we 
isolate it as a separate lemma because we will use it again. 
(2.2) LEMMA. Let p be a prime and G a p-solvable group which has all its 
character values in a field KzQ. Suppose p 1 IGI but p does not divide the 
order of any proper factor group of G. Write k = 1 Kp : KI. Then k 1 (p - 1) 
and 
(a) O,(G) = N is the unique minimal normal subgroup of G. 
(b) If i is any integer whose residue mod p lies in the subgroup of 
order k of Zp”, then for all n in N, the elements n and ni are G-conjugate. 
Proof We have that k = 1 Kp : KI = IQ,: Kn Q,J which is a divisor of 
IQ, : QI = p - 1. So, k divides p - 1. Now, if N is a minimal normal sub- 
group of G, we have that it is a p-group or a p’-group. But since by 
hypothesis p / IG : NJ and p( ICI, we must have that N is a p-group and 
thus N = O,(G) which makes it the unique minimal normal subgroup of G. 
Since G is p-solvable, N is elementary abelian and therefore, if XE Irr(G) 
and n E N, we have that X(n) E Kn Q,. So, for every 0 in r, the Galois 
group of K,, over K, we have that X(n)” = X(n). But X(n) = &I + Ed + 
.. . + cr where the ENS are pth roots of unity and then X(n)O = E; + E: + 
. . . + E;= X(n’) for some integer i. But as (T runs over I-, the residue mod p 
of the integer i runs over the subgroup of order k = lKp : KI of Z;. 
Therefore, we get X(n) = X(n) for every integer i whose residue modp lies 
in this subgroup, for every X in Ii-r(G) and for every n in N, which implies 
@I. 
Proof of Theorem (2.1). We induct on IGI. If p divides the order of any 
proper factor group of G, we are done by induction. Therefore, we may 
assume we are under the hypothesis of Lemma (2.2) and thus that N = 
O,(G) is the unique minimal normal subgroup of G. Thus we have that 
O,.(G) = 1 and G/N z Aut(N) [7, Proposition 13.11. Since G is super- 
solvable, N is cyclic of order p and then G/N is cyclic. Now, still by 
Lemma (2.2), if N = (n), we have that n is conjugate to ni where i is an 
integer whose residue mod p generates the subgroup of order k = I K, : KI of 
Z;. But if gE G is such that n” = n’ then n = ngO”‘= npCg’ and therefore iocg) 
is congruent to 1 mod p, which implies that k I o(g). Therefore k I IGIN/ and 
since G/N is cyclic, K must contain a primitive kth root of unity. 
Let m=IQ,nK:QI. Then mln and p-l=IQ,:QI=IQ,:KnQ,I 
I Kn Q, : Ql = I K, : KI m = km. Now, K contains a primitive kth root of 
unity and since kl (p - 1) we have that Cl!, n QJ~ = Q. Then n/m = 
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IK: Kn Q,I = (K: (Kn CD,) Q,( I(Kn Q,) Qk: Kn Q,I = IK: Wn Q,) %I 
III& : QI = (K: (KnQ,) Q,\ d(k) and we get that d(k) divides n/m. 
(2.3) THEOREM A. Let G be a group which has all its character values in 
a field K with (K: QI =n and let p be a prime divisor of IGI. Write 
p-l=km withk=JQ,:KnQQ,J andm=]KnQ,:QJ. Then: 
(a) If G is solvable, ~66 fin or K contains a primitive (k/(k, 4))th 
root of unity and d(k/(k, 4)) divides n/m. In any case, zfq is a prime divisor 
of k, then K contains a primitive qth root of unity, unless q = 3 and p = 7. 
(b) If G is p-solvable, write k = 2”3’5’h with (h, 30) = 1. Then, either 
p 6 6 J’? n or K contains a primitive hth root of unity, d(h) divides n/m, and 
a Q 3, b < 1, c < 1. In any case, if q is a prime divisor of h, then K contains a 
primitive qth root of unity. 
(c) Zf G is solvable and n = 2, then p = 2, 3, 5, or 7. 
(2.4) Remark. If G is solvable and n = 2 in the theorem above, then the 
conclusions of (2.3)(a) give p < 7 or p = 13, 17, or 19. This is because, since 
K must contain a primitive qth root of unity for every prime q greater than 
3 which divides k, only the primes 2 and 3 may divide k. Since k = p - 1 or 
(P - I)/29 we get that p - 1 = 2”. 3’. Now if p < 6 fi n, we get p < 22 and 
thus p d 19 and p # 11. Otherwise, we have that K contains a primitive 
(k/(k, 4))th root of unity. Thus, in this case, we must have a 6 5 and b 6 1 
and if b = 1, a < 4. This gives again p Q 19 and p # 11. We notice also that 
the result of (2.3)(c) is the best possible as the following examples show: 
(Z, x Z,) >a Q, where Q8 acts as a subgroup of SL(2,5), with K= Q, and 
(Zz, x Z,) >a SL(2,3) where SL(2,3) acts as a subgroup of SL(2,7), with 
K= Q,. 
(2.5) Remark. The conclusion that rj(k/(k, 4)) divides n/m in part (a) of 
Theorem (2.3) is an immediate consequence of the conclusion that K con- 
tains a (k/(k, 4))th root of unity. This is because we have that Qklck4)n 
Q,=Q and therefore #(k/(k, 4)) = IQeklCk,4j : QI which divides 
(K : Kn Q,l = n/m. Analogously we have in part (b) of Theorem (2.3) that 
the conclusion that d(h) divides n/m is an immediate consequence of the 
conclusion that K contains a primitive hth root of unity. 
Before proving Theorem (2.3) we prove a corollary of it and of 
Theorem (2.1) which shows that these theorems really give a bound for p in 
terms of n. 
(2.6) COROLLARY. Let G be a p-solvable group which has all its charac- 
ter values in a field K of degree n over Q and assume that p I (GI. Then, for 
every E > 0, there exists a constant A > 0 such that p <An’+’ + 1. If E = 1, 
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we can take respectively A = 4, 16, and 480 in the supersolvable, solvable, 
and p-solvable cases. 
ProoJ By Theorem (2.3)(b), p < 6 fin or d(h) divides n/m, where m 
and h are as in that theorem. But if d(h) divides n/m, by Lemma (1.4), there 
exists a constant C > 0 such that h d C(n/m)’ +‘. Therefore p - 1 = 
2”3b5chm~2”3b5cC(n/m)‘+“mB2”3b5cCn’+”. Since ad3, b< 1, c< 1, we 
get p<An ‘+‘+I where A=max{6& 12OC). Now, if E= 1, by 
Lemma (1.4), we can take C = 4 and therefore A = 480. 
If G is solvable, Theorem (2.3)(a) gives that p d 6 $n or &k/(k, 4)) 
divides n/m. In this second case, by Lemma ( 1.4) we have p - 1 = km d 
4km/(k, 4) < 4.4, (n/m)‘. m 6 16n2. If G is supersolvable, using 
Theorem (2.1) and Lemma (1.4) as above we get p d 4n2 + 1. 
The example below shows that we cannot make E=O in the above 
corollary even in the supersolvable case. In addition it shows that the result 
of Theorem (2.1) is the best possible. 
(2.7) EXAMPLE. Let p be a prime with p - 1 = km and N be a group of 
order p. Let H be the subgroup of order k of Aut(N) and take G to be the 
semidirect product N >a H. If J is a non-trivial character of N, then J has 
IG : NJ conjugates in G and therefore J” E Irr(G). Now, §” is zero outside 
N and (JG)N has its values in the subfield of Q, of degree m over Q. The 
irreducible characters of G/N have their values in &pk and since 
QPk n Q, = Q, we have that G has its character values in a field of degree 
#(k) m over Q, which shows that the result of Theorem (2.1) is the best 
possible. 
Now,letustakek=p-1 andm=l above.Letq,<qZ<q3<... beall 
the prime numbers. We know that np”=,(q,- l)/q;=O and that for every 
positive integer h, there exists a prime of the form jh + 1, where j is a 
positive integer [3, 22.7 and 2.3, Theorem 1.51. If there existed a bound of 
the form An + B we would have to have p < A&p - 1) + B for every prime 
p. But this is not possible because there exists I such that nf= 1(q1 - 1)/q, < 
(A + B)-‘. Therefore, if we choose p such that p- 1 is a multiple of 
9192. 4/Y we get that for this p, p=4(p-l)q,q,...q,t/(q,- l).*. 
(q,-l)+l where t>l and thusp>&p-l)(A+B)gA&p-l)+B. 
Proof of Theorem (2.3). We induct on /GI. If p divides the order of a 
proper factor group of G, we are done by induction. Therefore we may 
assume we are under the hypothesis of Lemma (2.2). We have then 
N = O,(G) is the unique minimal normal subgroup of G, O,(G) = 1, and 
G/Ns Aut(N). Also, still by Lemma (2.2) we have that for every n in N 
and for every integer i whose residue modp lies in the subgroup of order k 
of Z;, n and ni are G-conjugate. We used here the fact that k = 
IQ, : Kn Q,I = I& : KI. 
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Since G is p-solvable, N is elementary abelian. So, viewing N as a vector 
space V over Z,, we have the following situation: H = G/N is a group of 
automorphisms of a vector space V over Z, such that for every u in V, 
there exists h in H with vh = Au where (2) is the subgroup of order k of Z;. 
Also, H has all its character values in K with 1 K : Q I = n and p j 1 HI. Thus 
Theorem (2.3) will follow as soon as we have proved Theorem (2.9) below. 
Before stating Theorem (2.9), we make the following definition: 
(2.8) DEFINITION. Let a group G act on a finite-dimensional vector 
space V over a finite field F. We say that V, or the action of G on V, has 
the k-eigenvalue property, for positive integer k provided that: (a) k divides 
(Fx( and (b) for every u in V, there exists g in G, such that ug = Au where ,I 
is some fixed element of order k in Fx. 
(2.9) THEOREM B. Let G be a group acting on afinite-dimensional vector 
space V over a finite field F of characteristic p, where p l IGI. Assume that 
the action has the k-eigenvalue property. Let X be a Brauer character affor- 
ded by V and K = a(X). Then 
(a) If G is solvable, I K : QI > 1 FI/J? or K contains a primitive 
(k/(k, 4))th root of unity. In any case, ifq is a prime divisor of k, then K con- 
tains a primitive 9th root of unity, unless q = 3 and 1 FI < 7. 
(b) Zf G is any group, write k = 2”3’5’h with (h, 30) = 1. Then either 
Ik::QI>IFl/6fi or K contains a primitive hth root of unity and a < 3, 
b 6 1, c < 1. In any case if q is prime divisor of h, then K contains a primitive 
9th root of unity. 
(c) ZfGissolvable,k=IK~:KI, IK:CII<2,andIFI=pthenp=2,3, 
5, or 7. 
3 
(3.1) LEMMA. Let G be a Frobenius complement. Then 
(i) If p and q are primes every subgroup of G of order pq is cyclic. 
(ii) If p is an odd prime, the Sylow p-subgroups of G are cyclic. 
(iii) The Sylow 2-subgroups of G are cyclic or generalized quaternion. 
Proof. See [7, Theorem 18.11. 
(3.2) LEMMA. Let G be a solvable Frobenius complement. Then, ifq is an 
odd prime divisor of ICI, O,(G) > 1 unless q = 3 and O,(G) 2: Q,. 
Proof Suppose O,(G) = 1 and let x E G have order q. Let F(G) be the 
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Fitting subgroup of G. Since C,(F( G)) E F(G) (see [ 7, Theorem 11.41) and 
x $ F(G), we have that x induces an automorphism of order q on F(G), and 
therefore on some Sylow s-subgroup of F(G), for some s # q. The Sylow 
2-subgroup of F(G) is cyclic or generalized quaternion (Lemma (3.1 )(iii) 
and [7, Proposition 9.101) and the automorphism groups of these groups 
are 2-groups except in the case of Q8 whose automorphism group is S, [7, 
Propositions 9.9 and 9.101. Therefore, ifs = 2, since q is odd, we must have 
q= 3 and O,(G)=Q,. If sf2, the Sylow s-subgroup of F(G) is cyclic 
(Lemma (3.l)(ii)). Then S, its subgroup of order s, is normalized by x but 
is not centralized by it, since no element of order s of a cyclic s-group is 
fixed by any automorphism of order coprime to s [7, Proposition 9.31. 
Therefore (x ) S is a non-abelian Frobenius complement of order qs, which 
contradicts Lemma (3.1 )(i). 
(3.3) LEMMA. Let G be a solvable Frobenius complement whose Sylow 
2-subgroups are not cyclic. Then 8 j IG : O,(G)/. 
Proof: Let N = O,(G) and M/N = F( G/N). Since M/N has odd order it 
has cyclic Sylow subgroups and being nilpotent is itself cyclic. Since 
G,.dFWN)) c FWN) we have that G/ML Aut(M/N). But the 
automorphism group of a cyclic group is abelian and therefore so is G/M. 
If SE Syl,(G), S/N= &W/M c G/M and therefore S/N is abelian. But then 
S’ 5 N and since S is generalized quaternion this yields IS : NI < 4. 
Therefore 8 [ IG : O,(G)I. 
(3.4) LEMMA. Let G be a solvable Frobenius complement. Let q be a 
prime divisor of IGI and if q = 2 we assume that Sylow 2-subgroups of G are 
cyclic. Under these assumptions we have that O”‘(G) has a normal q-com- 
plement H and either (a) H is cyclic or (b) q= 3, O,(G)- Q,, and 
H = A x N with A cyclic of odd order and N c O,(G). 
ProoJ: It is enough to find Ma G with q 1 IG : MI such that M has a 
normal q-complement H which is cyclic unless q = 3 and O,(G) z Qs in 
which case it is as in (b). This because then OY’(G) is contained in M and 
Hn OY’(G) is a normal q-complement for Oq’(G) which satisfies the con- 
clusions of the theorem. 
(i) Assume first that the Sylow 2-subgroups of G are cyclic. Then G 
is metacyclic [7, Theorem 12.111, that is, there exists M,aG with M, and 
G/M, cyclic. Let HZ M, be the Hall q’-subgroup of M,. Then Ha G. Let 
M, E Ma G with M/H E Syl,( G/H). Then q j I G : MI and H is a cyclic nor- 
mal q-complement of M. 
(ii) Assume now that the Sylow 2-subgroups of G are not cyclic and 
therefore, by hypothesis, that q # 2. Then, the Sylow 2-subgroups of G are 
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generalized quaternion. Let N = O,(G) and KJN = F(G/N). Since K/N has 
odd order, it is cyclic and then, since G/K& Aut(K/N), G/K is abelian. Let 
LJK be the Sylow q-subgroup of G/K. Then La G and q j IG : LI. Let T/N 
be the Hall q’-subgroup of the cyclic group K/N. Then T/N is characteristic 
in K/N and thus TaG. 
(a) Let us consider first the cases where NE Q8 and q = 3 or 
N C& Q,. Let A be a Hall 2’-subgroup of T. In the case N & Q8, we have 
that Aut(N) is a 2-group and therefore [A, N] = 1. If NE Q,, then 
Aut(N) N Sq. But in this case q = 3 and 3 1 1 Al. Thus we have also in this 
case [A, N] = 1 and then, in any case, T= N x A, A characteristic in T and 
then normal in G. Also A N T/N !Z K/N which makes A cyclic. 
Ifq=3andO,(G)=Q,,takeMtobeL,ThenMaG,qj(G:M(, Tisa 
normal q-complement for M, and T = N x A with N = O,(G) and A cyclic 
of odd order. 
If N & Q8, then, since q # 2 and Aut(N) is a %-group, we have that 
[S, N] = 1, where SE Syl,(L). Therefore, since L = TS = ANS, we have 
that ASa L and so is characteristic in L since it is the Hall 2’-subgroup of 
L. Then ASaG. If we take M to be AS in this case, we have MaG, 
q t (G : MI, and A is a cyclic normal q-complement of M. 
(b) Now suppose N N Q8, and q # 3. Let P and R be respectively a
Sylow 3-subgroup and a (2, 3}-Hall subgroup of T. Then PN/N and RN/N 
are respectively the Sylow 3-subgroup and the Hall 3’-subgroup of the odd 
cyclic group T/N. Since TaG we get that PN and RN are also normal in 
G. Let Q~syl,(G). Since LaG and q [ IG : LI, we have that Q c L and 
therefore L = TQ. Now, since PN/N is a cyclic 3-group, its automorphism 
group is a (2, 3}-group. Since QN/N is a q-group and q$ (2, 3}, we get 
[PN/N, QN/N] = 1. Thus, because L/N = PQRN/N, we get that RQN/N is 
normal in L/N. But RQN is the Hall 3’-subgroup of L/N and therefore we 
get RQNa G. Now, the fact that (IRI, 6) = 1 implies [R, N] = 1 and thus 
RN= Rx N and RaG. Also, since q$ {2, 3}, we have [Q, N] = 1. Thus 
RQ a RQNa G. But RQ is the Hall 2’-subgroup of RQN and this makes 
RQa G. If we take RQ to be A4 in this case we have that R is a normal 
q-complement for M. Also, since R E RN/N & T/N, we have that R is 
cyclic. Finally, q j IG : MI because Q c M and Q E Syl,(G). 
4 
In this section we prove Theorem (2.9). The proof will be given in a 
series of lemmas. 
(4.1) LEMMA. Under the hypothesis of Theorem (2.9) let M be a sub- 
group of G maximal with respect to having non-zero centralizer in V. Let 
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W= C,(M) and N = N,(M). Then N/M acts on W and this is a Frobenius 
action. Moreover, this action has the k-eigenvalue property and tf X, is a 
Brauer character of N/M afforded by W, then Q(X, ) E K. 
Proof The action of N/M on W is Frobenius because if w” = w for 
some n E N and 0 # w E W, then C,( (M, n)) # 0 and by the maximality of 
M we have that nEM. 
Now, given 0 # w in W, there exists g in G such that wg = Aw where A is 
an element of order k in Fx. We want to show that g E N, that is, if m E M 
then gmg-’ is also in M. But by the maximality of M, it is enough to show 
that gmg- ’ centralizes w. Now, wgmgm’ = (1~)~~~’ = A(w~)~~~ = 1~~~’ = 
2A-i~ = w. So, the action of N/M on W does have the k-eigenvalue 
property. 
If we regard V as an N-module, we have that W is a submodule of it. 
Since p j ICI, we can write V= W@ L where L is an N-submodule of V. 
Therefore X,=X, +X2 where X, and X2 are Brauer characters of N 
relative to Wand L, respectively. Let Z be the Galois group of K,,, over K. 
For (T E Z and YE Irr(N), we have that ker Y” = ker Y. Now, M is con- 
tained in the kernel of X, and thus it is contained in the kernel of all its 
irreducible constituents. On the other hand, by the definition of W, M is 
not contained in the kernel of any of the irreducible constituents of X2. 
These facts, plus the linear independence of Irr(N) and the fact that 
X; = X, for every e in Z, will imply that Z permutes the irreducible con- 
stituents of X, and therefore fixes X,. We have then Q(X,) &K. 
(4.2) HYPOTHESIS. G is a finite group acting on a finite-dimensional vec- 
tor space V over a finite field F of characteristic p, with p 1 1 GI. The action of 
G on V is assumed to be Frobenius and we let X be a Brauer character affor- 
ded by V. We denote Q(X) by K. 
(4.3) LEMMA. Under Hypothesis (4.2) let g E G have order r and let r be 
the Galois group of K, over K. Then Irl divides the dimension of V and d(r) 
divides (K : QI dim V. 
Proof If Y is the F-character afforded by V, then Y(g) = Ciel dipi 
where I= (iE.77: O<i<r, (i, r)= l} and p is an element of order r of the 
multiplicative group of an algebraic closure of F. The condition (i, r) = 1 
follows from the fact that the action is Frobenius. Therefore X<,> = 
Cis,dJi where (§)=Irr((g)). Since for air, we have XTn> =Xcg>, we 
get, by the linear independence of Irr( (g)), that d, = dgcj, where for j E Z we 
have written a(j) = k E I if (Qk)” = §j. Now, for j E Z, the orbit of 9’ under Z 
has Irl elements. These facts imply that IZj divides Ci,,di= dim V. Now 
Irl = IK,:KI = IQ,:KnQ,I = lQ,:QI/IKnQ,:QI = d(r)/ 
IKnQ,: Ql and thus 4(r)/ JK: Q) dim V. 
CHARACTERVALUESFORSOLVABLEGROUPS 315 
(4.4) Remark. We notice that if in Lemma (4.3), r divides IPI, then 
p E F and di is the dimension of the pi-eigenspace of g which is equal to the 
dimension of the p-eigenspace of grCi) where t(i) E Z is such that ($)‘(‘) = p. 
So, to say that di = dOCi, is to say that the dimension of the CL-eigenspace of 
g ‘u) is equal to the dimension of the p-eigenspace of grnCi). Also, the proof 
shows that d, < dim V/lZl. But in this case d, is the dimension of the 
p-eigenspace of g. 
(4.5) Notation. For the next lemmas we fix a divisor r of IF”1 and an 
element p of order r in Fx. If g E G, we will denote by V(g) the p-eigenspace 
of g. If o(g)=r we will denote (g’:iEZ} by (g)” where Z= {igH: 
0 < i d r, (i, r) = 1 }. Also, if g E Z= Gal(K,/K) is such that e” = si where E is 
a primitive rth root of unity, then (g’)” will denote gtut-‘(i) where t is the 
permutation of I defined in Remark (4.4). This defines an action of Z’ on 
(8)“. 
(4.6) LEMMA. Under Hypothesis (4.2) and with Notation (4.5) we have 
that dim V( g”) = dim V(g) for every o in P and every g in G of order r. 
Moreover, dim V(g) 6 dim V/lZJ. 
Proof: See Lemma (4.3) and Remark (4.4). 
(4.7) HYPOTHESIS. In addition to Hypothesis (4.2) with the Nota- 
tion (4.5) V has the k-eigenvalue property and r divides not only IFx( but 
also k. 
(4.8) LEMMA. Under Hypothesis (4.7) G has the r-eigenvalue property. 
Moreover, if vg = uv, then o(g) = r and we can write V= UoCgjzr V(g), 
where this is a disjoint union. 
Proof Since V has the k-eigenvalue property, given 0 #v in V, there 
exists gE G such that vg = Au where (I) is the subgroup of order k of Fx. 
Since p = 2’ for some i, we have that vg’ = pu and V has the r-eigenvalue 
property. Also, if vg = pv for some v # 0, we have that vg’ = u and thus, 
since the action is Frobenius, o(g) 1 r. On the other hand, u = ugo”) = zP(~)v 
and thus-;lo(g). Now, if O#ve V(gl)n V(gz), we have vg~=,nv=vg2 and 
thus vglg* = v which implies g, = g,. 
(4.9) LEMMA. Under Hypothesis (4.7), if r is a prime power, and Ra G 
is cyclic of order r, then either 
(a) R is central, it is the unique cyclic subgroup of its order in G, and 
K contains a primitive rth root of unity or 
(b) 1 R( = 4 and the Sylow 2-subgroups of G are not cyclic. 
316 ELIANA FARIAS E SOARES 
Proof: Let JR/ =q” with q prime. In the case where the Sylow 
q-subgroups are cyclic, which is necessarily true if q is odd, we have that R 
is the unique subgroup of O,(G) of order q” and thus of G. In the case 
where q = 2 and the Sylow 2-subgroups of G are generalized quaternion, if 
SE Syl,(G), then S has a unique cyclic subgroup of order 2”, unless n = 2. 
Therefore unless (b) holds, R is the unique cyclic subgroup of its order in 
G. We may assume then this last possibility is true. 
Let R = (x). By Lemma (4.8), given 0 # u E V, there exists g in G with 
o(g) = q” and ug = pu. But all elements of order q” must be in R and x is 
then a power of each one of them. This implies that x acts like a scalar 
multiplication. This yields that x is in the center of X which is the center of 
G and that K contains a primitive rth root of unity. 
(4.10) LEMMA. Under Hypothesis (4.7), if G is solvable and r is an odd 
prime, then K contains a primitive rth root of unity unless r = 3 and IFJ < 7. 
ProojY We recall that r 1 (GI. By Lemmas (3.2) and (4.9) since the 
Sylow r-subgroups of G are cyclic, we may assume r = 3, O,(G) = 1, and 
O,(G) 3~ Q,. Let M = G3’(G). By Lemma (3.4), A4 has a normal 3-com- 
plement H where H = Nx A with Nc O,(G) and A cyclic of odd order. 
Now M/H is cyclic and then we take H c M,aG with IMi : HI = 3. We 
have that M, contains all elements of order 3 of M and thus of G. 
If x is an element of order 3 of M,, it centralizes A. This is because, 
otherwise, x would induce an automorphism of order 3 on A and therefore 
on a Sylow s-subgroup S of A. Since s # 3, x does not centralize the 
minimal subgroup of S [7, Proposition 9.31, which gives a non-abelian 
Frobenius complement of order 3s, which contradicts Lemma (3.1)(i). 
If PE Syl,(M,), we have that PNaM, because M, = NAP, Na G, and 
[A, P] = 1. Thus PN contains all elements of order 3 of G. But I PNI = 2”3 
with a < 3 and thus it has at most 8 elements of order 3. 
Now, if K does not contain a primitive 3rd root of unity, IK, : KI = 2 and 
thus, by Lemmas (4.3) and (4.6), 2 ( dim V and if we write dim V= 2d we 
have dim I’(g) <d for every g in G. By Lemma (4.8) V= U0(gJ=3 V(g). 
Counting non-zero vectors we get ) Fj 2d - 1 < 8( I FI d - 1) and so I FI d 7. 
(4.11) LEMMA. Under Hypothesis (4.7), let G be solvable and r = 2”. 
Then, if the Sylow 2-subgroups of G are generalized quaternion, K contains a 
primitive (2”- ‘)th root of unity or n = 3. 
Proof Let SE Syl,(G) and N = O,(G). By Lemma (3.3), IS : NI < 4. 
Since G has elements of order 2”, ISI > 2” + ’ and thus 1 NI > 2” ~~ ‘. If N is 
cyclic, we have by Lemma (4.9) that K contains a primitive (2”- ‘)th root 
of unity. Otherwise, N is generalized quaternion and JS : NI 2 2 [7, 
Propositions 9.9 and 9.101. So, INI 2 2” and N has a unique cyclic sub- 
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group of order 2”- ‘, unless II = 3. Lemma (4.9) applies again to give us the 
conclusion we want. 
(4.12) LEMMA. Under Hypothesis (4.7) let G be solvable and r = q” with 
q a prime. Assume JFI > 7 and, if q = 2, that the Sylow 2-subgroups of G are 
cyclic. Then, if K does not contain a primitive rth root of unity, q 1 dim V and 
writing dim V = qd, we have 
(i) IHI > ‘F’qd-l q(IFld- $ IFIydpd--l 
and 
d(lf4)2 
(q-l)d(qd-d+ 1) 
2 
where H is the normal q-complement of O*‘(G); 
(ii) in the exceptional case where q= 3 and O,(G)- Q8 then 
,A, > IFlzd+ IFId+ 1 , 12 
and 9(14D4d2 
where A is the normal 2-complement of H. 
Proof: By Lemma (4.10), K contains a primitive qth root of unity and 
thus, since it does not contain a primitive (q”)th root of unity, we have that 
q ( 1 K, : Kl and by Lemma (4.3), q (dim V. We write dim V= qd and by 
Lemma (4.8), V = U 0(g) = r V(g). Counting non-zero vectors we get 
IFIqd- 1 =&g+/z(lFld’m “(g1- 1). 
Since the Sylow q-subgroups of G are cyclic, all subgroups of order q” of 
G are conjugate in A4 = OY’(G). Of course, if g and h are conjugate, 
dim V(g) = dim V(h). The last equality we obtained can be rewritten then 
as 
IFIyd- 1 = IM: N,J(h))l c ((FIdim “W- 1) 
itl 
(4.13) 
where h is any element of order q” in M. 
Now, if cr is any element in r of order q, then the action of (a) on (h)” 
(see (4.5)) partitions this set into I= &q”)/q orbits of size q. By 
Lemma (4.6), if h’ and hj are in the same orbit, dim V(h’) = dim V(hj). 
Now, since dim V(h”“) (see (4.4)) is the dimension of the p’-eigenspace of 
h, t permutes Z, and the action of G on V is Frobenius, we have that qd = 
dim V=CiE,dim V(h’). Let g,, g, ,..., g, be a set of representatives for the 
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orbits of (h)” under (a) and xi= dim V(g,). Then xi= i qxi= 
CiE, dim V(h’) = qd and thus x:1=, xi = d. From equality (4.13) we get now 
IFyd- 1 = (M : N,((h))( q f: (IF/“‘- 1) 
i= 1 
Q IM : ~.&A<~))140~ld- 1) 
where the last inequality follows from Lemma (1.3). Now we recall that, by 
Lemma (3.4), 04’(G) has a normal q-complement H and that since the 
Sylow q-subgroups of G are cyclic, (A4 : NM( (h))l divides I HI. So, we get 
then IHI > (lFlqd- l)/q((FId- 1)b IFJqdPd-‘. This last inequality comes 
from the fact that JFJ > q. 
Now in the exceptional case where q = 3 and O,(G) 21 Q,, H has a nor- 
mal cyclic 2-complement A and H = N x A with N c O,(G). Thus, INI < 4 
or N N Q8. In this last case, the subgroup of order 2 of N is central and 
thus, in any case, IM: NJ(h))1 divides 4 [A( and we get [A( 3 ()F13d- l)/ 
4.3()Fld- l)= (lF(2d+ IFId+ 1)/12. 
Now, from (HI > IFIqdpd-’ andthefactsthatq<II;(,qjlFI,andqjJHI, 
we get, applying Lemma ( 1.2), that &I HI ) > (q - 1) d(qd - d + 1)/2. If q = 3 
and O,(G) N Q,, since we are assuming JFI > 7 and since 3 I IFI X, we get 
IFI > 12 and thus (Al >(IFj2d+ IFId+ 1)/12> IF12dP1. Now, since 21 IGJ, 
we have that 2 j IFI. Thus 2 and 3 do not divide (FI nor IA 1 and are less 
than IFI. We get then by Lemma (1.2) that d(IAI) >4d2. 
(4.14) LEMMA. Under Hypothesis (4.7), let G be solvable. If r = q” where 
q is an odd prime, then K contains a primitive rth root of unity or IK : Q I z 
IF)/6 3. Ifr = 2” and the Sylow 2-subgroups qf G are cyclic then K contains 
a primitive (2”-‘)th root of unity or IK: QJ 2 IFl/6. 
Proof We may assume (PI > 7 since otherwise we are done. In any 
case, we write r = q” and if q is odd we assume K does not contain a 
primitive rth root of unity and if q is even we assume that K does not con- 
tain a primitive (r/2)th root of unity. In any case, by Lemma (4.12) we 
have that q( dim V and we write dim V= qd. Now if q = 2, we have that 
4 1 dim V, that is, 2 1 d. This is because, since we are assuming that K does 
not contain a primitive (2”- ‘)th root of unity, we must have, by 
Lemma (4.9), 10,(G)] Q 2”-2. Thus, since G does contain elements of order 
2”, we get that 4 1 IG : F(G)I. But the action of G on V is Frobenius and so 
all irreducible constituents of X are faithful. Since F(G) is cyclic in the case 
q = 2, we have that the irreducible constituents of the restriction to F(G) of 
an irreducible faithful character of G are all faithful. Now C&F(G)) E F(G) 
and therefore, if A. is a faithful irreducible character of F(G), we have that 
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IG is irreducible. We conclude then that the irreducible constituents of X 
are all of the form AG, where I E Irr(F(G)) and thus, since 4 1 JG : F(G)J, that 
4jX(l)=dim I/. 
Also, since by Lemma (4.10), K contains a primitive qth root of unity, 
q - 1 divides (K : Q (, which will be denoted by m, and so q < m + 1. 
We first examine the case where q # 3 or O,(G) & Q,. We recall that in 
this case, the normal q-complement H of O”‘(G) is cyclic (Lemma (3.4)). By 
Lemmas (4.3) and (4.12) we have (q-l)d(qd-d+ 1)/2<4(\HI)<mqd 
which implies d < 4m. Also, by Lemma (4.12) I HI 3 (&jydPd- ’ which 
implies 1 HI > 7 if q > 2. If q = 2, JHJ is odd. Thus in any case, by 
Lemma (l.l), we have \HI <~$(lHl)’ <m2q2d2 <m2(m + 1)2(4m)2 <64m6. 
Thenifqd-d-136,weget IF16dIFJqd-d~1d(HI~64m6and (FId2m. 
We may assume then qd - d - 1 < 6 since otherwise we are done. But qd - 
d- 1 < 6 implies d(q - I) -C 7 which implies qd- d - 1 > 3 and q2d2 < 144, 
orq=3andd=1,orq=2andd=2.Butifqd-d-1~3andq2d2~144, 
from /FIY”~d~‘fIHI<m2q2d2 we get IFIQflm21366m and we are 
done in this case. In the last two cases, from ( IFIqd- l)/q( IFId-- 1) < (HI < 
m2q2d2 we get respectively IF)* 6 27m2 and IFI2 < 32m2 which imply 
IFI <6m. 
Now, we examine the exceptional case, where q = 3 and O,(G) ir. Q,. In 
this case, if A is the normal cyclic 2-complement of H, we get, by Lemmas 
(4.3) and (4.12), 4d2d&(Al)<3md and thus d<3m/4. Now, since \A( is 
odd, we have that (A(<&JA()2f9m2d2. But we have also ((FJ2d+ 
IFId+ 1)/126 IAl and we get then IF(2d< 12 IAl d 12.9.m2d2d 12.9.m2. 
(3m/4)2 = 243m4/4. So, if d> 2 this yields (FI < 3m. If d= 1, we have that 
(Fl’d 12 IAl d 12.9.m2 and thus IFJ <6fim. 
(4.15) LEMMA. Under Hypothesis (4.7), if G is solvable, k = IK, : KI and 
IK: Gil =2, then we cannot have IFI = 19, 17, or 13. 
Proof. (a) Assume first that IFI = 19. Since k= lQI9 : KnQlgJ we 
have that k = 18 or 9. Thus, in any case, 3 (k and by Lemma (4,10), with 
r=3,wemusthaveK=6$,andsok=p-1=18.Since3*~k,andKdoes 
not contain a primitive 9th root of unity, we have, by Lemma (4.12), with 
r = 9, that 3 ( dim V and we write dim I/= 3d. Let H be the normal 3-com- 
plement of 03’(G). Then, if H is cyclic, we have, by Lemmas (4.3) and 
(4.12), that (2d + 1) d < d( IH( ) < 6d which implies d < 2. But this implies 
d( (HI ) < 12 and then I H( 6 42. But by Lemma (4.12) we have also I HJ 3 
( 192d+ 19d+ 1)/3 > 120 and we get a contradiction. If H is not cyclic, we 
have, by Lemmas (4.3) and (4.12), that 4d2 d d(IAI) d 6d where A is the 
normal cyclic 2-complement of H. We get then d = 1 and thus #((A ( ) < 6 
which implies (A I < 18. But we have also by Lemma (4.12) that 1 Al 3 
( 192 f 19 -t 1 )/12 > 3 1, which gives a contradiction. 
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(b) Assume that IFJ = 13 and that the Sylow 2-subgroups of G are 
cyclic. Since k = p - 1 or (p - 1)/2 we have that 3 I k and thus K= Q3 and 
k = 12. By Lemma (4.3) with r = 4, we have that 2 1 dim V and we write 
dim V=2d. By Lemmas (4.3) and (4.12) we have that d(d+ 1)/2< 
#( IHJ) 6 4d where H is the normal 2-complement of G”(G). We get then 
d67 and thus 4(IHj)<28 and if d=l, ~j(IHl)<4. Since IHI is odd, we 
have that IHI< and if d= 1, IHl<5. But by Lemma(4.12), lHl> 
( 13d + 1)/2 which gives a contradiction. 
(c) Assume that /FJ = 17 and that the Sylow 2-subgroups of G are 
cyclic. Since k = p - 1 of (p - 1)/2, we have that 8 I k. Since K does not con- 
tain a primitive 8th root of unity, we have, by Lemma (4.12), that 2 ( dim V’ 
and we write dim V= 2d. By Lemmas (4.3) and (4.12), we have 
d(d+ 1)/2 < & (HI ) 6 4d where H is the normal cyclic 2-complement of 
02’(G). This gives d67 and then t$(IHI)<28. Also, if d=l, qS(IH1)64. 
Therefore, (HI 6 45 and if d= 1, I HI < 5. But by Lemma (4.12), I HJ 3 
( 17d + 1)/2 which gives a contradiction. 
(d) Assume now that IFI = 17 and that the Sylow 2-subgroups of G 
are not cyclic. Since k = /Cl,, : KnQ,,/ we have that k=8 and KcQ,, or 
k = 16. So, in any case, we can write k = 2” where K does not contain a 
primitive (2” ~ ‘)th root of unity, with a = 3 or 4. 
Let N= O,(G) and S~syl,(G). By Lemma (4.8), with r=2”, we have 
that S has elements of order 2” and since S is generalized quaternion, we 
must have ISI > 2”+ ‘. Also, S has a unique cyclic subgroup of order 2” and 
IS : Nl d 4 (Lemma (3.3)) and thus INI 3 2”- ‘. Then, if N is cyclic, we have 
that IN( = 2“ and N contains all elements of order 2” of S, or INJ = 2” ’ 
and N contains all elements of the form g* where g is an element of order 
2” of S. Now, if N is not cyclic, IS : NJ < 2 [7, Propositions 9.9 and 9.101 
and thus N contains all elements of the form g* where g is any element of 
order 2” of G. 
Now, since V has the k-eigenvalue property, we have, by Lemma (3.8), 
that given 0 # v E V, there exists g in G of order 2” such that 08 = Iv where 
(1) is the subgroup of order 2” of Zi. But then vR2 = /1*v. Since for g E G, 
with o(g) = 2”, g* E N, we can write 
where we are using Notation (4.5) with ,u = I”*. Now, since K does not con- 
tain a primitive (2”-‘)st root of unity we have that 2 I IKK,a-~ : KI and then, 
by Lemma (4.3), with r = 2”‘-1, we have that 2 ldim V. We write 
dim V= 2d. By Lemma (4.6), we have that dim V(g) < d. Therefore, 
counting non-zero vectors of V, we get 
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172d- 16 g;N (17d’“V’g’- 1)61(17d- 1) 
o(g)=*- ’ 
where 1 is the number of elements of order 2”- ’ in N. If N is cyclic or if N 
is generalized quaternion and a = 4, we have that 1= 2”- 2. We would get 
then 2”-* = 13 17d+ 1 which is a contradiction since a = 3 or 4. 
If N is not cyclic and a = 3, we have, since (S : N1 d 2 in this case, that N 
contains all elements of order 8 of G or ISI < 16. In this second case, N is a 
generalized quaternion group of order less or equal to 16 and therefore it 
has at most 10 elements of order 4 = 2”- ‘. But then we would get 10 3 13 
1 7d + 1 which is a contradiction. 
We may assume then that N contains all elements of order 8 of G. We 
can write then, by Lemma (4.8) with Y = 8, 
v= u Vg). 
o(g)=X 
,r: t N 
Now, by Lemma (4.6) dim V(g) < d. So, counting non-zero vectors of V, 
we get 1 72d - 1 < t( 17d- 1) where t is the number of elements of order 8 in 
N. But since N is generalized quaternion, t = 4 and we get a contradiction 
out of this last inequality. 
(e) Assume now (F( = 13 and that the Sylow 2-subgroups of G are 
generalized quaternion. We have in this case K = Q, and k = p - 1 = 12. 
Since 4 1 k, we can write, by Lemma (4.8) with r = 4, V= tJo,Rj=4 V(g) 
where this is a disjoint union. Now, since K does not contain a primitive 
4th root of unity, 2 1 IK, : KI and then, by Lemma (4.3), 2 1 dim V. We write 
dim V= 2d. By Lemma (4.6), dim V(g) 6 d. But in this case, X(g) = 
d, i - d, i and therefore we must have dim V(g) = d. Counting non-zero vec- 
tors of V we get then 132d - 1 = I( 13d- 1) where 1 is the number of 
elements of order 4 in G. Thus I = 1 3d + 1. 
Let F(G) = B x O,(G) where B is cyclic of odd order. Let C= C,(B). 
Then CuG and F(G) c C. Since C,(F(G)) cF(G), we have that there 
exists Nd C with Bz N c_ F(G) and C/N 5 Aut(O,(G)). But then C/N is a 
2-group or C/N C, S4 and O,(G)- Q8. Also, 8 i IG : O,(G)1 (Lemma (3.3)) 
and if 4 divides it, O,(G) is cyclic. These facts imply that IC : NI = 1, 2, 4, 3, 
or 6. Now, GJC c Aut(B) and since B is cyclic, we have that G/C is abelian. 
We take then C G Ma G with MICE Syl,(G/C). Then M contains all 
Sylow 2-subgroups of G. We have that I M : F(G)\ = 1, 2, 4, 3, or 6 and if it 
is 3 or 6, O,(G) E Q,. 
Since B is cyclic, we have, by Lemma (4.3), that t$(jBI) divides 4d= 
IK : Ql dim V. Since (B( is odd, we have, by Lemma (l.l), I BI d 16d’. We let 
2” be the order of a Sylow 2-subgroup of G. Since G must contain elements 
of order 4, a 2 3. Since G has elements of order 2+’ and IK2”-, : KJ = 2”-= 
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we have, by Lemma (4.3) that 2”-2 (2d. We let s be the number of Sylow 
2-subgroups of M. We see that s ) IBI in the cases where IM : F( G)l = 1, 2, 
or 4 and ~13 IBI if IM: F’(G)/ = 3 or 6. 
If IM: F(G)1 = 1 or 3, then G has 2 + 2”-’ elements of order 4. We get 
then 2 + 2”-’ = I= 13d+ 1 or 13d- 1 = 2”-‘. This is impossible because 
3 I (13J- 1) for every d> 1. 
If JM : F(G)1 = 6, we have that O,(G) N Q,. Then G has 6 + 4s elements 
of order 4. Since s ) 3 (Bj in this case and IB( 6 1 6d2 we get 13d + 1 = I = 
6+4s<6+4.3.16d2=6+ 192d2. This implies d<3. Since 2”-212d and 
a = 4 in this case, we have that d = 2. But d( IBI ) I4d and since (BI is odd, 
we conclude that IBI = 1, 3, 5, or 15. But since s 13 IBI, we get a contradic- 
tion out of the equality 1 32 + 1 = I = 6 + 4s. 
If JM: F(G)/ = 2 and O,(G) is generalized quaternion, we have that G 
has 2 + 2” ~ 2 + s. 2”- 2 elements of order 4. Therefore, since 2”- * I 2d, s I ) BI 
and IBJ<16d2, 13d+1 = I = 2+2”P2+s2”P2 < 2+2d+IBI.2d < 2+ 
2d+ 16d*. 2d = 2 + 2d + 32d3, which implies d< 2. Now, d cannot be 1 
because since 2”- 2 ( 2d, we would get a,< 3. But then O,(G) would be 
cyclic. Therefore, we have that d= 2. Since q(JBJ)l4d, we get that cp(lBI)J8 
which implies IBJ < 15. But then, the inequality 13d+ 1 < 2 + 2d+ IBI. 2d 
we got above gives 170 < 66 which is a contradiction. 
If IM : F(G)/ = 2 and O,(G) is cyclic, then I= 2 + s. 2”- ’ and thus, since 
sdJB/, 2”-*<2d and IBI<16d2, 13d+ 1 =1=2+s.2”- ‘<2+4dlBl 6 
2 + 64d3 which implies d < 2. Since d( (BI ) ( 4d and by Lemma (3.2). 3 ) IB(, 
we get that (B( = 3 if d= 1 and IBI = 3 or 15 if d= 2. Now if d= 2, we get a 
contradiction out of the inequality 13d+ 1 6 2 + 4d IBI we got above. If 
d = 1, since a > 3 and 2”- 2 I 2d, we get a = 3. Also, since I BJ = 3 and G/C Z 
Aut(B) we get that [G/Cl < 2 and thus (Cl = 24. But then G has at most 12 
elements of order 12. Since k = 12, we can write, by Lemma (4.8), with 
r= 12, v=lJ 0(Rj=,2 V(g). But since 2 = jK,2 : KI, we have that 
dim V(g) 6 d and then counting non-zero vectors of V we get 132d- 1 < 
4( 1 3d - 1) which is a contradiction. 
If IM: F(G)1 =4, we have that O,(G) is cyclic. Thus, if JO,(G)( >2, G 
has at most 2 + s. 2”- ’ elements of order 4. If lO,(G)J = 2, G has at most 
6. s elements of order 4. We get then, since 2” ’ ,< 2d, s ,< IB(, and 
/Bl<16&, 13d+1<2++s~2”-‘<2+2~~BI~2d=2+4dIB162+64d3 in 
the first case, and 13d + 1 d 6s < 6 ) B( d 6. 16d2 = 96d2 in the second. These 
inequalities imply that dd 3. Now, if d= 1 or 3, since 2”-* I2d, we get that 
a= 3 and lO,(G)( = 2. So, if d= 3, we get a contradiction out of the 
inequality 13d + 1 < 96d2. If d= 1, since #( (B( ) I4d and by Lemma (3.2), 
3 ( IBI, we get that I BI = 3. But then, since G/C 5 Aut(B), we get 
IG : Cl d 2, and IG( =24. But this contradicts the fact that lO,(G)l =2 
because the Sylow 2-subgroup of C is normal in C, since B is in the center 
of C, and then it is normal in G too. 
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Finally, if d= 2, we have that 4( IBI ) ) 8 and thus \BI 6 15. We get then a 
contradiction out of the inequality 13d + 1 < 2 + 4d IB( or 13d + 1 < 6 IBI 
we got above. 
Part (a) of Theorem (2.9) follows now from Lemmas (4.1), (4.10), (4.1 l), 
and (4.14). 
Now if G is a non-solvable Frobenius complement, then G has a normal 
subgroup G,, with IG:G,1<2 and G,-SL(2,5)xM where M is a 
(2, 3, 5)‘-group which has all its Sylow subgroups cyclic. Now, since a 
Sylow 2-subgroup of X(2, 5) is isomorphic to Q8 [4, III, 8.101, we have 
that a Sylow 2-subgroup of G, is also isomorphic to Q8 and therefore has 
exponent 4. But then, since (G : G,l < 2 we have that the exponent of a 
Sylow 2-subgroup of G is at most 8. The Sylow 3 and 5 subgroups of G 
have exponents 3 and 5, respectively, since neither 9 nor 25 divide IGI. 
Therefore, if G satisfies the hypothesis of Theorem (2.9), since in this case G 
has elements of order k, we have that the { 2, 3, 5} part of k is of the form 
2”. 3’. 5” with a < 3, b 6 1, c 6 1. Now, in this case, M acts on V with the 
h-eigenvalue property. Therefore, since M is solvable, part (b) of 
Theorem (2.9) follows from Lemma (4.1) and from part (a). 
In the same way that in Theorem (2.9) part (a) implies in part (c), 
p < 19 and p # 11 (Remark (1.4)) we have, in Theorem (2.9), that part (a) 
implies in part (c), p < 19 and p # 11. Therefore, part (c) follows from part 
(a) and Lemmas (4.1) and (4.15). 
5 
Remarks. (5.1) For proving Theorem A in the case where n = 1, Gow 
reduced the problem to a situation like that in Theorem B, oniy that 
instead of using the fact that in that case a Brauer character of the action 
had its values in Q, he used the fact that the action of G on V preserved a 
non-singular skew symmetric form. He also showed that the action could 
be assumed to be Frobenius and the argument we used to do the same is 
his. 
(5.2) For n = 1, Theorem A gives that p < 7. But Gow showed that 7 
cannot occur in this case. To exclude 7, however, he had to go back to the 
original problem. We see that the result of Theorem A is not the best 
possible and that the primes that may occur under the hypothesis of 
Theorem A are not the same as the ones that may occur under the 
hypothesis of Theorem B. Although 7 cannot be a divisor of the order of a 
rational solvable group, it can occur under the hypothesis of Theorem B: 
SL(2, 3) is a solvable group whose order is not divisible by 7 and its action 
on Z, x Z,, as a subgroup of X(2,7), has the 6-eigenvalue property and 
the corresponding Brauer character has its values in Q. 
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(5.3) The reason that in the case n = 1 Gow was able to reduce the 
problem to an action preserving a non-singular skew symmetric form was 
the fact that the characters were real valued. Thus, the same arguments he 
used work to show that if K s R in Theorem A we have p < 6n + 1 in the 
solvable case. 
(5.4) We have two possibilities in the conclusion of Theorem A, in 
the solvable case: either p d 6 ,/? n or K contains a primitive (k/(k, 4))th 
root of unity. Now, Example (2.7) shows that the second possibility is not 
far from the best. On the other hand, we have no hope to eliminate the first 
one, since there are groups whose orders have large prime divisors and 
which have real characters (see [ 11). 
(5.5) The exception q = 3 and p = 7 in Theorem A is really necesary. 
Consider the group G = (H7 x Z,) K H where Hc SL(2,7) with (HI = 48; G 
has its character values in Q(a). 
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